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Abstract 

Let D denote the unit disc and T the unit circle. Let E <^ D and 
hn{E) be the totality of all finite Blaschke prodtucts Bn with n zeros 
belonging to E . Let 

VLn{E)=sviv\ ^. I ^ , ,, -^dc, ■\\h\\Hoo<l,Bn^hn{E)\ 

y 2m Jt Bn{^)[S - z) ^oo J 



''^ \ and E^ = {z : e < \z\ < 1, z / \z\ = ^} , ^ £ T, e > 0. An elementary 

qualities 



C"^ I proof is given of the equalities 



for all ^eT,e> 0. 



- ■ 1 Introduction 



Let D denote the unit disc and T the unit circle. Let H'^ denote the space 

of aU functios analytic in D and such that ||/||j:^oo = sup|/(2;)| < oo. For 

zeD 
f G L°°{T) , we denote by Tf the Toeplitz operator on H°° , defined by 

Tfh = f IMM. ^dm{<i), h e H^. 
Jt ^ — z 

Here m denotes normalised Lebesgue measure on T . 
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Let E C D and bn{E) be the totality of all finite Blaschke prodtucts B„ 
with n zeros belonging to E. Let 

QniE) = supdlTsJI^oc : 5„ e b,,{E)}. 

In the present paper we shall give an elementary proof of the equality 

nn{D) = 1 + 2n, 

with more complicated method was proven by Pekarski [1]. 
Previously in [2] we proved that 1 + 2n < Qn{D) < 1 + im. 



2 Main results 

Our main result is based on the following lemmas. Let / G H°° and 

A(/) = sup / ^^Mz^Mrf^(,) < oo. 



rieT Jt |1 ~ ^I 

Lemma 1. If f e H°^ , then \\Tf\\^^ < \\f\\^^ + A(/). 
Proof. 



IT, 



/ll^^=sup<;^hm^ 






■VeT, 



H° 



< 1 



sup < lim 

' r^l-O 



f{<,ri)h{q7]) 
1 — r^ 



dm{q) 



■.r]eT, 



H° 



<u< 



< sup < lim 

' r^l-O 



1 — rq 



h{<,vi)dm{<,) 



■.riET, 



H° 



<1 + 



H° 



< 



< 



sup 



\fi'^v)-fi-^v)\ 



dm(<,) 



IT |l-^l 

We used, that g{z) = f(zr]) G H°° and 



T 1 -r^ 



-.riET 



H° 



A(/) + 



_ff°° • 



< 



i/oo \\"'\\H°° 



n 
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Lemma 2. // 

Proof. 



I(z) = ^ — ^, aeD, then K{I)<2. 



1 — za 



A(/) = sup 



<,rj ~ a qrj — a 



1 — q-qa 1 — q-qa 



(l — \a\ ) |<; — ^1 dm{<;) 
sup / — — — j- < 2 sup 



»?eT Jt 1 1 - "J^^l 1 1 - ^^«l 1 1 - ^1 ndT Jt\^- "J^^I 1 1 - "J^o 



dm{q) 



1 — lal 



dm{q) < 



< 2 sup 



1 — lal 



1/2 



rjeT Wr |1 — ^"/^al 



dmiq) 



1 I 1^ 
1 — \a\ 

T 1 1 — ^^a| 



1/2 



dm{q) 



2. 



D 



Lemma 3. Iflk{z) ,k = l, 2, , n is inner functions { \Ik{'i)\ = 1 a.e on T 

, then k{hh In) < A(/i) + A(/2) + A(/n). 

Proof. The proof follows at once from the identity 

h{<,r])l2{<,r]) Ini^v) - h{^'n)his'n) hisv) = 

= /i(^77)/2 (<??]) Ini'ir]) - Ii{q7])l2{<,'q) /„(^?7) + 

+Ii{q'q)l2{<,'q) In{<,il) - h{^il)h{^il) In{^il) + 



+Ii{<;T])l2{<;r]) In-i{<ir])In{<,r]) - Ii{qT])l2{<;r]) In^i{qT])In{<,r]) 



ihi'^v) - hisv)) hi^v) In{'^v) + 



+ {In{<,1l) - Ini^f])) h{^1l)h{^1l) In-li^f])- 



u 



Lemma 4. If Bn G hn{E) , then A(i?„) < 2. 
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Proof. Let 

n 

From Lemmas 2 and 3 it follows that 

^ z — n,u \ 

< 2n. 






Theorem 1. fi„(D) = ^^..(S^) = 1 + 2n for all ^eT, 

where E^ = {z : e < \z\ < 1, z/ \z\ = C,} , e > 0. 
Proof. From Lemmas 1 and 4 follows that 

fi„(^5) < finP) = supIIITbJI^oc : fi„ G 6np)} < 

< 1 + sup {A(fi„) : Bn G &„(£')} < 1 + 2n. 
Let ^ E T. We will show that 

QniD) = ^n{E^) = l + 2n. 
Let 

n 

Xk = {l- q'K, 0<q<l,e<l-q, B^{z) = l[^'^' 
Let m > n and 



.=1- ^^^ 



D 



l/fc = 5^(a;fe)(|a;fc|^ - 1)^, A; 7^ m, ym = Bn{xm)- 
Since 

then ||/fc| < 1 and by a well known Carleson interpolation theorem there exists 
a function h^ G -f/^°° , such that 

hoixk) =yk = BlXxk){\xkf - 1)^, k^m, 

WhoWu^ < A{q), 

where 

A{q) ^1 as g ^ [3] . 
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Since Bn G bn{E^), then 



^n{E^) > \\TbJ\ho^ > 



1 1 



hok) 



T Bn{<,){<, - Xr^ 



-d<. 



A{q) 



ho{xm) Y^ ho{Xk) 



xD-v, I Xn 



1^ B'^{Xk){Xk -Xm) 



A{q) 



1 + E 



\Xk\ 



k=l 



tXj L' tAj Y 



Since m > n can be every arbitrary long positive integer and \xm\ ^ 1 as 
m -^ oo, then 



n 



Xk 



^(^^^"-&') 



Using the fact that A{q) ^ 1 as q ^ , we obtain Qn{E^) > 1 + 2n. This 
imphes fi„(£') = ^niE^) = 1 + 2n for all ^ eT. 
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